On the asymptotic properties of a family of matrices^�

N. Guglielmi Dipartimento di Matematica Pura e Applicata Università de L’Aquila 67100 L’Aquila (Italy) e-mail: guglielm@univaq.it

M. Zennaro Dipartimento di Scienze Matematiche Università di Trieste 34100 Trieste (Italy) e-mail: zennaro@univ.trieste.it

Abstract In this paper we consider bounded families F of complex n � nmatrices. After introducing the concept of asymptotic order, we investigate how the norm of products of matrices behaves as the number of factors goes to infinity. In the case of defective families F, using the asymptotic order allows us to get a deeper knowledge of the asymptotic behaviour than just considering the so called generalized spectral radius. With reference to the wellknown Finiteness Conjecture for finite families, we also introduce the concepts of spectrum-maximizing product and limit spectrum-maximizing product, showing that, for finite families of 2�2-matrices, defectivity is equivalent to the existence of defective such limit products.

�This work was supported by the Italian M.U.R.S.T. and C.N.R.

1 Introduction

In this paper we consider a bounded family F = {A^{(i)}}_{i∈I} of complex n × nmatrices, where I is a set of indeces, possibly infinite. For such a family F, the following definitions are given in the literature.

Let ‖ · ‖ be a given norm on the vector space C^n and let the same symbol ‖ · ‖ denote also the corresponding induced n × n-matrix norm. Then, for each k = 0, 1, . . ., consider the set Σ_k(F) of all possible products of length k whose factors are elements of F, that is Σ_k(F) = {A^{(i1)} . . . A^{(ik)} | i_1, . . . , i_k ∈ I}, with the convention that Σ_0(F) = {I}, I the identity matrix. Moreover, for each k = 0, 1, . . ., consider the number

ρ̂_k(F) = sup_{P ∈Σk(F)} ‖P ‖ (1.1)

and, finally, define the joint spectral radius of F as

ρ̂(F) = lim sup_{k→∞} ρ̂_k(F)^{1/k} (1.2)

(see Rota and Strang [RS60]). Note that the numbers ρ̂_k(F) depend on the particular norm ‖·‖ used in (1.1) whereas, by the equivalence of all the norms in finite dimensional spaces, it turns out that ρ̂(F) is independent of it.

Analogously, let ρ(·) denote the spectral radius of an n × n-matrix and then, for each k = 0, 1, . . ., consider the number

ρ̄_k(F) = sup_{P ∈Σk (F)} ρ(P )

and define the generalized spectral radius of F as

ρ̄(F) = lim sup_{k→∞} ρ̄_k(F)^{1/k}

(see Daubechies and Lagarias [DL92]).

It has been first proved (see [DL92]) that

ρ̄_k(F) ≤ ρ̄(F)^k ≤ ρ̂(F)^k ≤ ρ̂_k(F) for all k ≥ 0, (1.3) from which it follows that

ρ̂(F) = lim_{k→∞} ρ̂_k(F)^{1/k} (1.4) and ρ̄(F) = sup_{k≥1} ρ̄_k(F)^{1/k}. (1.5)

Later, as a much harder result to prove, it was shown that ρ̂(F) ≤ ρ̄(F) (see Berger and Wang [BW92], Elsner [Els95] and Shih, Wu and Pang [SWP97]).

In the light of the above inequality, it is concluded that the joint spectral radius and the generalized spectral radius of F are the same number, which we shall simply call the spectral radius of the (bounded) family of matrices F and denote by ρ(F).

The above definitions and results are nice generalizations of the wellknown situation for single families. In particular, the equality ρ̂(F) = ρ̄(F) is the generalization of the so called Gelfand limit.

In practical applications, the actual computation of ρ(F) is very important. In particular, it turns out that the asymptotic convergence property of a family F can be characterized by the inequality ρ(F) < 1. It is almost superfluous to remark that the asymptotic behaviour of a family F is strictly connected to the stability properties of certain difference equations with variable coefficients, which are often involved in the study of many real-life phenomena.

Unfortunately, if the family F is not just a single matrix, the computation of ρ(F) is not an easy task at all. Simple examples of families of just two 2 × 2-matrices can be given which illustrate this point (see, for example, [LW95]). However, for finite families, there exists a conjecture, arisen from work of Daubechies and Lagarias [DL92] and stated by Lagarias and Wang [LW95], whose validity would be of much help for the scope.

Conjecture 1.1 (Finiteness Conjecture) If F is a finite family of complex n × n-matrices, there exist k^∗ ≥ 1 and a product P̄ ∈ Σ_k∗ (F) such that

ρ(F) = ρ̄_k∗ (F)^{1/k∗} = ρ(P̄ )^{1/k∗} . (1.6)

Indeed, Lagarias and Wang [LW95] stated Conjecture 1.1 for families of real matrices. However, by using the multiplicative group homomorphism Φ

which associates the real 2n × 2n-matrix [ ℜ(A) −ℑ(A) ℑ(A) ℜ(A) ] to the complex

n×n-matrix A, it is easy to see that the validity of the Finiteness Conjecture for all families of real matrices implies also its validity for all families of complex matrices. In fact, the homomorphism Φ preserves the eigenvalues with their algebraic and geometric multiplicities and, in particular, the spectral radius.

So far nobody has been able to disprove the Finiteness Conjecture. On the contrary, it has been partially proved by Lagarias and Wang [LW95].

In the present paper we concentrate mostly on the case of defective families F, that is families for which the semigroup Σ(F^′), generated by the normalized family F^′, is unbounded (see Definition 2.3).

More precisely, after revisiting in Section 2 some useful results already known from the literature, in Section 3 we introduce the concept of asymptotic order of a bounded family of matrices F. This concept represents a more sophisticated tool for the study of the asymptotic properties of a defective family than the spectral radius is. On the contrary, it does not give any further information in the case of nondefective families. Still in Section 3 we give some simple general lower and upper bounds to the asymptotic order of a defective family.

In Section 4 we reconsider the Finiteness Conjecture and give the definitions of spectrum-maximizing product and order-maximizing product. Then, on the basis of two instructive examples, we conclude that a possible (and euristically natural) stronger reformulation of the Finiteness Conjecture, which takes the asymptotic order into account, is false.

In Section 5 we define the so called limit spectrum-maximizing products and prove that, at least for finite families of 2 × 2-matrices, there is a strict connection between defectivity and existence of defective such limit products.

Finally, in Section 6 some conclusions are drawn.

2 Preliminary results from the literature

In what follows, for the bounded family F = {A^{(i)}}_{i∈I} of complex n × nmatrices, if ‖·‖ denotes a norm on the vector space C^n and the corresponding induced n × n-matrix norm, we shall still use the same notation to define ‖F‖ = ρ̂_1(F) = sup_{i∈I} ‖A^{(i)}‖.

The following result can be found, for example, in Elsner [Els95]. Proposition 2.1 The spectral radius of a bounded family F of complex n×nmatrices is characterized by the equality ρ(F) = inf_{‖·‖∈N} ‖F‖, (2.1) where N denotes the set of all possible induced n × n-matrix norms.

Proof. The bound to ρ(F) by means of the right hand side of (2.1) is easily obtained. In fact, for any ‖ · ‖ ∈ N , (1.1) immediately yields ρ̂_k(F) ≤ ‖F‖^k and, therefore, ρ(F) = ρ̂(F) ≤ ‖F‖.

In order to prove the opposite inequality, given a norm ‖ · ‖ on the space of the vectors x ∈ C^n , for any ϵ > 0 define

‖x‖_{∗,ϵ} = sup_{k≥0} sup_{P ∈Σk(F)} ‖P x‖ (ρ(F) + ϵ)^k

. (2.2)

By (1.2), there exists k_ϵ ≥ 0 such that^{‖P ‖}_{(ρ(F)+ϵ)k} ≤ 1 for all k ≥ k_ϵ and for all P ∈ Σ_k(F) and, therefore, there exists a constant C > 0 such that ‖x‖_{∗,ϵ} ≤ C‖x‖ for all x ∈ C^n . Moreover, all the other properties which characterize a vector norm are easily verified. Then consider a matrix A^{(i)} ∈ F and a vector x ∈ C^n and compute

‖A^{(i)}x‖_{∗,ϵ} = sup_{k≥0} sup_{P ∈Σk(F)} ‖P A^{(i)}x‖ (ρ(F) + ϵ)^k

= (ρ(F) + ϵ) sup_{k≥0} sup_{P ∈Σk(F)} ‖P A^{(i)}x‖ (ρ(F) + ϵ)^{k+1} ≤ (ρ(F) + ϵ) sup_{k≥0} sup_{P ∈Σk+1(F)} ‖P x‖ (ρ(F) + ϵ)^{k+1} ≤ (ρ(F) + ϵ)‖x‖_{∗,ϵ}, which implies ‖A^{(i)}‖_{∗,ϵ} ≤ ρ(F) + ϵ and, thus, ‖F‖_{∗,ϵ} ≤ ρ(F) + ϵ, (2.3) which completes the proof.

Definition 2.1 We shall say that a norm satisfying condition (2.3) is ϵextremal for the family F.

Given a family F, an important question to answer is whether or not the inf in (2.1) is actually attained by some induced matrix norm ‖ · ‖_∗. To this purpose, we give the following definition.

Definition 2.2 We shall say that a norm satisfying the condition

‖F‖ = ρ(F) (2.4)

is extremal for the family F.

As we shall see, the question for a family F to admit an extremal norm or not is particularly important in connection with its asymptotic properties.

For a single family {A} it is wellknown that the existence of an extremal norm is equivalent to the fact that the matrix A is nondefective, i.e. all of the blocks relevant to the eigenvalues of maximum modulus are diagonal in its Jordan canonical form. Another equivalent property is that, with A^′ = ρ(A)^{−1}A, the power set Σ(A^′) = {(A^′)^k | k ≥ 1} is bounded. These results generalize to a bounded family F as follows.

Given a bounded family F = {A^{(i)}}_{i∈I} of complex n × n-matrices, let us consider the normalized family F^′ = {ρ(F)^{−1}A^{(i)}}_{i∈I}, whose spectral radius is ρ(F^′) = 1. Then consider the semigroup of matrices generated by F^′, i.e. Σ(F^′) = ⋃ k≥1 Σ_k(F^′).

Definition 2.3 A bounded family F of complex n × n-matrices is said to be defective if the corresponding normalized family F^′ is such that the semigroup Σ(F^′) is an unbounded set of matrices. Otherwise, if Σ(F^′) is bounded, then the family F is said to be nondefective.

Note that we gave the definition of defective family without involving directly the spectral properties of its elements. Some relationships between defectivity and the structure of the eigenspaces of the elements of the family F and of their products will be investigated in Section 3.

The following result can be found, for example, in [BW92].

Proposition 2.2 A bounded family F of complex n × n-matrices admits an extremal norm ‖ · ‖_∗ if and only if it is nondefective.

Proof. The necessity is trivial, since the property (2.4) for the extremal norm ‖ · ‖_∗ implies ‖F^′‖_∗ = 1, meaning that Σ(F^′) is bounded.

In order to prove the sufficiency, let ‖ · ‖ be a given norm on the space of the vectors x ∈ C^n and define

‖x‖_∗ = sup_{k≥0} sup_{P ∈Σk (F)} ‖P x‖ ρ(F)^k . (2.5)

Since the normalized family F^′ is bounded, it immediately follows that there exists a constant C > 0 such that ‖x‖_∗ ≤ C‖x‖ for all x ∈ C^n . Moreover, all the other properties which characterize a vector norm are easily verified. Similarly as in the proof of Proposition 2.1, it can be checked that, for any matrix A^{(i)} ∈ F and any vector x ∈ C^n , it holds that ‖A^{(i)}x‖_∗ ≤ ρ(F)‖x‖_∗, which implies ‖A^{(i)}‖_∗ ≤ ρ(F). Thus the proof is complete.

Corollary 2.1 A bounded family F of complex n×n-matrices is nondefective if and only if there exists an induced norm ‖ · ‖_∗ such that

ρ̂_k(F) = ρ(F)^k for all k ≥ 0. (2.6)

Proof. Assume that F is nondefective. Then, by Proposition 2.2, there exists an extremal norm ‖ · ‖_∗. Therefore, if we consider such an extremal norm in (1.1), we get ρ̂_k(F) ≤ ρ(F)^k. On the other hand, (1.3) implies the opposite inequality ρ(F)^k ≤ ρ̂_k(F), and hence (2.6) is proved.

Conversely, let (2.6) hold. Then for k = 1 we get ‖F‖_∗ = ρ̂_1(F) = ρ(F), saying that the norm ‖ · ‖_∗ is extremal. Hence the result follows from Proposition 2.2.

From Propositions 2.1 and 2.2 it turns out that each vector norm ‖ · ‖ canonically determines an ϵ-extremal norm for any bounded family F and, if F is nondefective, also an extremal norm.

However, it is worth remarking that, although (2.2) and (2.5) give a constructive way of finding ϵ-extremal and extremal norms, their relevance is mainly theoretical and they often are useless from a practical point of view.

We conclude this section with the following important result by Elsner [Els95].

Theorem 2.1 If a bounded family F = {A^{(i)}}_{i∈I} of complex n × n-matrices is defective, then there exist a nonsingular n × n-matrix M and two integers n_1, n_2 ≥ 1, n_1 + n_2 = n, such that, for all i ∈ I, it holds that

M^{−1}A^{(i)}M = [ Â^{(i)}_{11} Â^{(i)}_{12} O Â^{(i)}_{22} ] , (2.7)

where the blocks Â^{(i)}_{11} , Â^{(i)}_{12} and Â^{(i)}_{22} are n_1 ×n_1-, n_1 ×n_2- and n_2 ×n_2-matrices, respectively.

Proof. In view of Definiton 2.3, it is sufficient to apply Lemma 4 in [Els95] to the normalized family F^′.

3 The asymptotic order

Let α = {α_k}_{k≥0} be a sequence of nonnegative real numbers and let S be the set of all such sequences.

We shall need the so called Θ-notation (see, for example, Cormen, Leiserson and Rivest [CLR92]). Given α ∈ S, define the subset Θ(α) = {β ∈ S | ∃ k_β ≥ 1 and real c^′_β, c^{′′}_β > 0 : c^′_βα_k ≤ β_k ≤ c^{′′}_βα_k ∀k ≥ k_β}. It is easy to see that the subsets Θ(α) are the equivalence classes of an equivalence relation in S, and we shall call them the asymptotic orders of S. This is motivated by the fact that two sequences belong to the same class if and only if they have the same qualitative behaviour for k → ∞.

For the sake of convenience, we shall denote Θ(α) also by Θ(α_k), so as to make explicit the particular dependence on k (for example, Θ(k), Θ(k^2), etc.).

Then consider also the so called O-notation, Ω-notation and ω-notation (see again [CLR92]). Given α ∈ S, define the subsets O(α) = {β ∈ S | ∃ k_β ≥ 1 and real c^{′′}_β > 0 : β_k ≤ c^{′′}_βα_k ∀k ≥ k_β}, Ω(α) = {β ∈ S | ∃ k_β ≥ 1 and real c^′_β > 0 : c^′_βα_k ≤ β_k ∀k ≥ k_β} and ω(α) = {β ∈ S | ∀c^′ > 0 ∃ k_{β,c}′ ≥ 1 : c^′α_k ≤ β_k ∀k ≥ k_{β,c}′ }.

Remark that Θ(α) = O(α) ⋂ Ω(α)

and that, if α ∈ S is definitively positive,

β ∈ ω(α) if and only if lim_{k→∞} β_k/α_k = +∞. (3.1)

With reference to (1.1), consider the sequence ρ̂_F = {ρ̂_k(F)}_{k≥0} and, for all k ≥ 0, define the numbers

μ̂_k(F) = max_{0≤j≤k} ρ(F)^{k−j}ρ̂_j(F) (3.2)

and the sequence μ̂_F = {μ̂_k(F)}_{k≥0}.

Remark that, by the equivalence of all the norms in finite dimensional spaces, both the asymptotic orders Θ(ρ̂_F ) = Θ(ρ̂_k(F)) and Θ(μ̂_F ) = Θ(μ̂_k(F)) are independent of the particular norm ‖ · ‖ used in (1.1).

For j = k, formula (3.2) clearly yields

μ̂_k(F) ≥ ρ̂_k(F) (3.3)

and hence μ̂_F ∈ Ω(ρ̂_F ). The opposite relashionship μ̂_F ∈ O(ρ̂_F ) has not been proved in the general case. Nevertheless, now we shall see that it holds for some important classes of families of matrices.

In fact, if F is a bounded nondefective family, Corollary 2.1 immediately implies

μ̂_F ∈ Θ(ρ̂_F ). (3.4)

Moreover, if a bounded family F contains the matrix ρ(F)I, the sequence {ρ(F)^{−k}ρ̂_k(F)}_{k≥0} is non decreasing, implying μ̂_k(F) = ρ̂_k(F). Therefore, (3.4) holds also in this case.

Finally, consider a single family {A}. It is wellknown that, for any induced norm ‖ · ‖,

ρ̂_k(A) = ‖A^k‖ ∈ Θ(k^{dA} ρ(A)^k), (3.5)

where d_A, which we call index of defectivity of A, is a nonnegative integer ≤ n − 1 determined by the structure of the blocks relevant to the eigenvalues of maximum modulus in its Jordan canonical form. In particular, d_A = 0 for nondefective matrices. In any case, (3.5) yields μ̂_k(A) ∈ Θ(k^{dA} ρ(A)^k) too, and thus

μ̂_A ∈ Θ(ρ̂_A). (3.6)

In any case, even if the family F does not satisfy (3.4), it is immediately seen that

ρ(F) = lim_{k→∞} μ̂_k(F)^{1/k} (3.7)

still holds (see (1.4)).

The sequence μ̂_F is nicer than ρ̂_F because, whereas the sole inequality ρ̂_k(F) ≤ ‖F‖ · ρ̂_{k−1}(F) generally holds for ρ̂_F , it is straightforward to prove that ρ(F) · μ̂_{k−1}(F) ≤ μ̂_k(F) ≤ ‖F‖ · μ̂_{k−1}(F) (3.8) for all k ≥ 1. Consequently, the sequence {ρ(F)^{−k}μ̂_k(F)}_{k≥0} is non decreasing, which, in general, is not guaranteed for the sequence {ρ(F)^{−k}ρ̂_k(F)}_{k≥0}.

Definition 3.1 Given a bounded family F of complex n × n-matrices, we shall say that ord(F) = Θ(μ̂_F )

is the asymptotic order of F.

In particular, we have the asymptotic order of a single matrix A, i.e. ord(A) = Θ(k^{dA} ρ(A)^k) (see (3.6) and (3.5)).

In view of the discussion before Definition 3.1, we can reformulate Corollary 2.1 as follows.

Corollary 3.1 A bounded family F of complex n×n-matrices is nondefective if and only if

ord(F) = Θ(ρ(F)^k). (3.9)

For a general defective bounded family of matrices F, it is not possible to obtain a formula similar to (3.5) in the same easy way. Definition 3.1 is a refinement of the concept of joint spectral radius which will help us to investigate more deeply the asymptotic properties of a defective family of matrices. This will appear more evident from the forecoming results.

Proposition 3.1 For any bounded family F of complex n × n-matrices it holds that ord(F) ⊆ ⋂ j≥1 ⋂ P ∈Σ_j(F) Ω(k^{dP} ρ(P )^{k/j} ), where d_P is the index of defectivity of P , being d_P = 0 if P is nondefective.

Proof. Let j ≥ 1 and P ∈ Σ_j(F). If ρ(P ) = 0, the inequality ρ̂_k(F) ≥ k^{dP} ρ(P )^{k/j} is obvious. Thus we assume ρ(P ) > 0.

For each q = 1, . . . , j, there exist two matrix products Q ∈ Σ_q(F) and R ∈ Σ_{j−q}(F) such that P = QR. Therefore, given an induced matrix norm ‖ · ‖, for each s ≥ 1 it holds that ‖P^s‖ = ‖P^{s−1}QR‖ ≤ ‖P^{s−1}Q‖ · ‖R‖ ≤ ‖F‖^{j−q} · ‖P^{s−1}Q‖, and hence ‖P^{s−1}Q‖ ≥ ‖F‖^{q−j} · ‖P^s‖. On the other hand, (3.5) implies that there exist s_P ≥ 1 and C_P > 0 such that ‖P^s‖ ≥ C_P s^{dP} ρ(P )^s for all s ≥ s_P and, therefore, we obtain ‖P^{s−1}Q‖ ≥ C_P ‖F‖^{q−j}s^{dP} ρ(P )^s. (3.10) In conclusion, for any k = (s − 1)j + q ≥ (s_P − 1)j + q, (1.1) and (3.10) yield μ̂_k(F) ≥ ρ̂_k(F) ≥ C_P ‖F‖^{q−j}ρ(P )^{1−q/j} ( k + j − q j )d_P ρ(P )^{k/j} (3.11)

and the result follows since, being ρ(P ) > 0, there exists μ_P > 0 such that ‖F‖^{q−j}ρ(P )^{1−q/j} ( k + j − q j )d_P ≥ μ_P k^{dP} for all q = 1, . . . , j and for all sufficiently large k.

The following result is wellknown (see Berger and Wang [BW92]).

Lemma 3.1 Assume that, for the bounded family F = {A^{(i)}}_{i∈I} of complex n × n-matrices, there exists a nonsingular n × n-matrix M such that, for all i ∈ I, (2.7) holds for suitable n_1, n_2 ≥ 1, n_1 + n_2 = n. Then, with F_1 = {Â^{(i)}_{11} }_{i∈I} and F_2 = {Â^{(i)}_{22} }_{i∈I}, it holds that

ρ(F) = max{ρ(F_1), ρ(F_2)}. (3.12)

We recall that, given two sequences α, β ∈ S, their convolution product is the sequence α ∗ β = { k∑ j=0 α_j β_{k−j}}_{k≥0}. Remark that the asymptotic order Θ(α ∗ β) is independent of the particular representatives for the asymptotic orders Θ(α) and Θ(β). In fact, it is easily seen that Θ(α) ∗ Θ(β) ⊆ Θ(α ∗ β). Now we are in a position to state some results on the asymptotic orders of the families F, F_1 and F_2 in Lemma 3.1. Lemma 3.2 Assume the hypotheses of Lemma 3.1. Then

ord(F) ⊆ Ω(μ̂_{F1} ) ⋂ Ω(μ̂_{F2} ) ⋂ O(μ̂_{F1} ∗ μ̂_{F2} ). (3.13)

Proof. Consider two vector norms ‖·‖_1 on C^{n1} and ‖·‖_2 on C^{n2} and define the following norm on C^n : ‖x‖ = max{‖x_1‖_1, ‖x_2‖_2},

for all x = [ x_1 x_2 ] , where x_1 ∈ C^{n1} and x_2 ∈ C^{n2} . Moreover, let ‖ · ‖_{21} denote the induced matrix norm from C^{n2} into C^{n1} .

It is straighforward to verify that, for any block upper triangular n × nmatrix U = [ U_{11} U_{12} O U_{22} ] , the induced matrix norm ‖ · ‖ satisfies the bounds

max{‖U_{11}‖_1, ‖U_{22}‖_2} ≤ ‖U‖ ≤ max{‖U_{11}‖_1 + ‖U_{12}‖_{21}, ‖U_{22}‖_2}. (3.14)

Now consider k ≥ 1 and P^{(k)} ∈ Σ_k(F). Since

M^{−1}P^{(k)}M = [ P̂^{(k)}_{11} P̂^{(k)}_{12} O P̂^{(k)}_{22} ]

and since by varying P^{(k)} in Σ_k(F) the diagonal blocks P̂^{(k)}_{11} and P̂^{(k)}_{22} cover completely the product sets Σ_k(F_1) and Σ_k(F_2), by (3.14) and by using the norm ‖ · ‖_M defined on C^n by ‖x‖_M = ‖Mx‖ for all x ∈ C^n , we can conclude that ρ̂_k(F) ≥ ρ̂_k(F_s), s = 1, 2, for all k ≥ 0. Therefore, by (3.2) and Lemma 3.1, we easily obtain

μ̂_k(F) ≥ μ̂_k(F_s), s = 1, 2. (3.15) In order to conclude the proof, let again k ≥ 1 and, for each j = 0, 1, . . . , k, consider P^{(j)} ∈ Σ_j (F) subject to the sole condition that P^{(j)} = P^{(j−1)}A^{(ij)} for some A^{(ij)} ∈ F. Clearly, P^{(0)} = I, whereas P^{(k)} may be chosen arbitrarily. Then, for j ≥ 1 we have

M^{−1}P^{(j)}M = [ P̂^{(j−1)}

11 P̂^{(j−1)}_{12} O P̂^{(j−1)}_{22} ] · Â^{(ij)}_{11} Â^{(ij)}_{12} O Â^{(ij)}_{22} = P̂^{(j−1)}

11 Â^{(ij)}_{11} P̂^{(j−1)}_{11} Â^{(ij)}_{12} + P̂^{(j−1)}_{12} Â^{(ij)}_{22} O P̂^{(j−1)}_{22} Â^{(ij)}_{22} . Therefore, with Q̂^{(k)}_{22} = I and Q̂^{(j)}_{22} = ∏k h=j+1 Â (ih) 22 ∈ Σ_{k−j} (F), j = 1, . . . , k − 1, by using induction it is easy to see that

P̂^{(k)}_{12} =^k∑ j=1 P̂^{(j−1)}

11 Â^{(ij)}_{12} Q̂^{(j−1)}_{22} .

Consequently, by the boundedness of the family F and by (3.3), there exists C > 0 independent of k such that

‖P̂^{(k)}_{12} ‖_{21} ≤ k∑ j=1 ‖P̂^{(j−1)}_{11} ‖_1 · ‖Â^{(ij)}_{12} ‖_{21} · ‖Q̂^{(j−1)}_{22} ‖_2 ≤ C k−1∑ j=0 ρ̂_j (F_1)ρ̂_{k−1−j} (F_2) ≤ C k−1∑ j=0 μ̂_j (F_1)μ̂_{k−1−j} (F_2).

Since the convolution product is commutative, by Lemma 3.1 we can assume, without any restriction, that ρ(F) = ρ(F_2). Then the left hand inequality in (3.8) implies k−1∑ j=0 μ̂_j(F_1)μ̂_{k−1−j} (F_2) ≤ ρ(F)^{−1} k∑ j=0 μ̂_j(F_1)μ̂_{k−j} (F_2). (3.16)

Therefore, by (3.14) there exists a constant D > 0 independent of k such that ‖M^{−1}P^{(k)}M‖ ≤ D k∑ j=0 μ̂_j (F_1)μ̂_{k−j} (F_2) and thus, by the arbitrariness of P^{(k)} ∈ Σ_k(F), by using again the norm ‖ · ‖_M on C^n we obtain ρ̂_k(F) ≤ D k∑ j=0 μ̂_j (F_1)μ̂_{k−j} (F_2).

Finally, by (3.16), the sequence {ρ(F)^{−k} ∑k j=0 μ̂_j(F_1)μ̂_{k−j} (F_2)}_{k≥0} is non decreasing. So we can conclude that μ̂_k(F) ≤ D k∑ j=0 μ̂_j (F_1)μ̂_{k−j} (F_2).

Therefore, the above inequality and (3.15) yield (3.13).

Proposition 3.2 Assume the hypotheses of Lemma 3.1 and that ρ(F_1) = ρ(F_2) = ρ(F). If d_1, d_2 ≥ 0 are real numbers such that

ord(F_s) ⊆ O(k^{ds} ρ(F)^k), s = 1, 2, (3.17) then

ord(F) ⊆ O(k^{d1 +d2+1}ρ(F)^k). (3.18)

Proof. Since k^{ds} ρ(F)^k > 0, s = 1, 2, the inclusions (3.17) provide the existence of two constants C_1, C_2 > 0 such that μ̂_k(F_s) ≤ C_sk^{ds} ρ(F)^k for all k ≥ 0, s = 1, 2. Therefore it follows that k∑ j=0 μ̂_j(F_1)μ̂_{k−j} (F_2) ≤ C_1C_2ρ(F)^k k∑ j=0 j^{d1} (k − j)^{d2} ≤ C_1C_2k^{d1+d2+1}ρ(F)^k,

that is (3.18).

Proposition 3.3 Assume the hypotheses of Lemma 3.1 and that ρ(F_1) ≠ ρ(F_2). Then

ord(F) = ord(F_s), (3.19)

where s is such that ρ(F_s) = ρ(F).

Moreover, the family F is nondefective if and only if F_s is nondefective.

Proof. The key-point of the proof is the use of (3.13) and thus, since the convolution product is commutative, we can assume, without any restriction, that s = 1.

Then, let ϵ > 0 such that r =^{ρ(F2)+ϵ}_{ρ(F1)} < 1. Moreover, consider an ϵextremal norm for the family F_2. By the right-hand side inequality in (3.8) and by the monotonicity of the sequence {ρ(F_1)^{−j}μ̂_j(F_1)}_{j≥0}, we obtain k∑ j=0 μ̂_j (F_1)μ̂_{k−j} (F_2) ≤ k∑ j=0 ρ(F_1)^{k−j}μ̂_j(F_1)r^{k−j} ≤ μ̂_k(F_1) 1 − r , which implies μ̂_{F1} ∗ μ̂_{F2} ∈ O(μ̂_{F1} ). Therefore, by (3.13), we get (3.19).

Finally, since ρ(F_s) = ρ(F), Corollary 3.1 immediately implies that F is nondefective if and only if F_s is nondefective.

Theorem 3.1 A bounded family F of complex n × n-matrices is defective if and only if

ord(F) ⊆ ω(ρ(F)^k) ⋂ O(k^{n−1} ρ(F)^k). (3.20)

Proof. The sufficiency is obvious because of Corollary 3.1. In order to prove the necessity, we start by observing that, if the family F = {A^{(i)}}_{i∈I} is defective, then ord(F) ⊆ Ω(ρ(F)^k).

Since the sequence {ρ(F)^{−k}μ̂_k(F)}_{k≥0} is non decreasing, it is either bounded or diverging. If it were bounded we should have ord(F) ⊆ O(ρ(F)^k) and, hence, ord(F) = Θ(ρ(F)^k). On the other hand, this is impossible because of Corollary 3.1. Therefore, the sequence {ρ(F)^{−k}μ̂_k(F)}_{k≥0} is diverging, which means ord(F) ⊆ ω(ρ(F)^k) (see (3.1)).

We complete the proof by proving inductively the inclusion

ord(F) ⊆ O(k^{n−1} ρ(F)^k) (3.21)

also for nondefective families (doing this allows us to start the induction from n = 1, in which case the matrices are just numbers and the family always is nondefective).

It is clear that (3.21) holds for n = 1, in which case μ̂_k(F) = ρ(F)^k = ( sup_{i∈I} |A^{(i)}| )k . Now let n̄ ≥ 1. Assume, by induction, that (3.21) holds for all n ≤ n̄ − 1.

Since the family F of n̄ × n̄-matrices is defective, we can apply Theorem 2.1. Therefore, since n_1, n_2 ≤ n̄ − 1, with F_1 = {Â^{(i)}_{11} }_{i∈I} and F_2 = {Â^{(i)}_{22} }_{i∈I}, we get (3.17) with d_s = n_s − 1, s = 1, 2.

If ρ(F_1) ≠ ρ(F_2), then Proposition 3.3 provides (3.19) and, a fortiori, (3.21) for n = n̄. Otherwise, if ρ(F_1) = ρ(F_2), Proposition 3.2 provides (3.18) and hence, being n_1 + n_2 = n̄, again (3.21) is proved for n = n̄, too.

The foregoing theorem assures, for a general defective bounded family of matrices F, the same upper bound to the asymptotic order as in the case of a single family {A} (see (3.5), where d_A ≤ n − 1). Anyway, the difference with that simple case is that, in general, an exact estimate of ord(F) can not be easily obtained and, above all, is not always of the type Θ(k^dρ(F)^k), d positive integer. This fact is illustrated by the following example, where d takes non integer values.

Example 3.1 Let p > 1 be a real number and let F = {A^{(θ)}}_{θ∈[0,1]} be the family of the 2 × 2-matrices

A^{(θ)} = [ 1 θ 0 1 − θ^p ] .

This family is normalized (i.e., ρ(F) = 1) and contains the identity matrix I = A^{(0)}. Therefore, μ̂_k(F) = ρ̂_k(F) and the sequence {μ̂_k(F)}_{k≥0} is non decreasing.

It is immediately seen that, for each k ≥ 2, the products P_k ∈ Σ_k(F) have the form

P_k = k∏ j=1 A^{(θj)} = [ 1 a_k(θ_1, . . . , θ_k) 0 ∏k j=1(1 − θ^p_j ) ] , where

a_k(θ_1, . . . , θ_k) = θ_k + (1 − θ^p_k)a_{k−1}(θ_1, . . . , θ_{k−1}), (3.22)

being a_{k−1}(θ_1, . . . , θ_{k−1}) the corresponding element in the factor P_{k−1} = ∏k−_1 j=0 A^{(θj)} ∈ Σ_{k−1}(F).

If we consider the maximum norm in C^2 defined by ‖x‖_∞ = max{|x_1|, |x_2|}, we obtain ‖P_k‖_∞ = 1 + a_k(θ_1, . . . , θ_k). Therefore, with

γ_k = max 0≤θ1,...,θk ≤1 a_k(θ_1, . . . , θ_k), (3.23)

we can conclude that

μ̂_k(F) = 1 + γ_k. (3.24)

Now consider the two-variable function ϕ(θ, γ) = θ + (1 − θ^p)γ, which is non decreasing with respect to γ for all θ ∈ [0, 1]. If γ_{k−1} ≥ 1, it is straightforward to see that max_{0≤θ≤1,0≤γ≤γk−1} ϕ(θ, γ) = ϕ(θ^∗_k, γ_{k−1}), where θ^∗_k = (pγ_{k−1})^{−1/(p−1)} < 1. Thus, being γ_1 = 1, the recurrence relation (3.22) implies that the numbers (3.23) satisfy the recursion

γ_k = γ_{k−1} + c_pγ^{−1/(p−1)} k−1 , for k ≥ 2, where c_p =^{p−1}_p p^{−1/(p−1)} < 1. Finally, some standard computations allow us to state that the sequence {γ_k}_{k≥0} ∈ Θ(k^{(p−1)/p}) and hence, by (3.24), we can conclude that ord(F) = Θ(k^{(p−1)/p}).

4 On the Finiteness Conjecture for defective families

Let us consider the Finiteness Conjecture (Conjecture 1.1). It can be reformulated by saying that, if F is a finite family of complex n × n-matrices, there exist k^∗ ≥ 1 and a product P̄ ∈ Σ_k∗ (F) such that

ρ(F)^{1−k∗} ρ(P̄ ) = ρ(F), (4.1)

which is equivalent to (1.6).

Definition 4.1 If F is a bounded family of complex n × n-matrices, any matrix P̄ ∈ Σ_k∗ (F) satisfying (4.1) for some k^∗ ≥ 1 will be called a spectrummaximizing product (in short, an s.m.p.) for F.

It is worth remarking that, assuming the validity of the Finiteness Conjecture, we can reformulate Proposition 3.1 as follows.

Proposition 4.1 For any bounded family F of complex n × n-matrices it holds that ord(F) ⊆ Ω(k^{d∗} ρ(F)^k),

where d^∗ = max{d¯_P | P̄ s.m.p. for F}.

Now observe that, if F is nondefective, (4.1) is equivalent to

ord(ρ(F)^{1−k∗}P̄ ) = ord(F). (4.2)

This easily follows from Corollary 3.1 since, by Proposition 4.1, the matrix P̄ must be nondefective (otherwise the family F would be defective).

Definition 4.2 If F is a bounded family of complex n × n-matrices, any matrix P̂ ∈ Σ_k∗ (F) satisfying (4.2) for some k^∗ ≥ 1 will be called an ordermaximizing product (in short, an o.m.p.) for F.

Whereas the two concepts of s.m.p. and o.m.p. are equivalent for nondefective families, this is not the case for defective families. More precisely, we can say that, in general, given a nondefective family F, an o.m.p. P̂ is also an s.m.p., but not vice versa.

Now observe that the Finiteness Conjecture assumes the existence of at least one s.m.p. P̄ for finite families, but does not assume the existence of an o.m.p. P̂ . In such a context, let us consider the following two examples.

Example 4.1 Consider the family F = {A, B} of the real 2 × 2-matrices A = [ 1 0 0 −1 ] and B = [ 1 1 0 −1 ] . This family is normalized (i.e., ρ(F) = 1). The matrices A and B are nondefective, but the product P̂ = AB = [ 1 1 0 1 ] ∈ Σ_2(F)

is an s.m.p. and is defective. Therefore, by Proposition 4.1 and Theorem 3.1, it follows that ord(P̂ ) = ord(F) = Θ(k), i.e. P̂ is an o.m.p. for F.

Example 4.2 Consider the family F = {A, B} of the complex 2×2-matrices A = [ 1 0 0 e^i ] and B = [ 1 1 0 −1 ] , where i is the imaginary unit. This family is normalized (i.e., ρ(F) = 1). The matrices A and B are nondefective and, since B^2 = I and e^{ik} ≠ −1 for all k ≥ 1, no product P ∈ Σ(F) is defective either.

Nevertheless, it is wellknown that there exists an increasing sequence of integers k_s such that lim_{s→∞} e^{iks} = 1 (see also the forecoming Lemma 5.2). Thus, since P_s = A^{ks−1}BAB = [ 1 1 − e^i 0 e^{iks} ] , there exists P̃ = lim_{s→∞} P_s = [ 1 1 − e^i 0 1 ] , which is a defective matrix.

Since the existence of such a defective limit matrix P̃ implies the unboundedness of Σ(F) (see the forecoming Theorem 5.1 for the proof), we can conclude that no o.m.p. P̂ exists for F.

Example 4.3 Consider the family F = {A, B} of the real 3 × 3-matrices A = 1 0 0 0 cos(1) − sin(1) 0 sin(1) cos(1) and B =

1 1 0 0 −1 0 0 0 −1 . Again, this family is normalized (i.e., ρ(F) = 1). The matrices A and B are nondefective and, since B^2 = I and the eigenvalues of the diagonal block [ cos(1) − sin(1) sin(1) cos(1) ] in A are {e^i, e^{−i}}, no product P ∈ Σ(F) is defective as

in Example 4.2. Nevertheless, by using the same sequence of integers k_s, we obtain P_s = A^{ks−1}BAB = 1 1 − cos(1) sin(1) 0 cos(k_s) − sin(k_s) 0 sin(k_s) cos(k_s) and, therefore, the defective limit matrix

P̃ = lim_{s→∞} P_s =

1 1 − cos(1) sin(1) 0 1 0 0 0 1 .

Again, the existence of such a defective limit matrix P̃ implies the unboundedness of Σ(F) and, thus, we can conclude that no o.m.p. P̂ exists for F.

Remark 4.1 Examples 4.2 and 4.3 guarantee that a stronger reformulation of the Finiteness Conjecture which always assumes the existence of at least an o.m.p. P̂ for finite families is false.

5 Defectivity and limit maximizing products

In this section, we shall prove that, for finite defective families of 2 × 2- matrices, the essence of all the possible cases is illustrated by Examples 4.1 and 4.2.

Definition 5.1 Assume that F is a normalized bounded family of complex n × n-matrices (i.e., ρ(F) = 1) and that there exists a sequence of products P_s ∈ Σ_{ks} (F), k_s non decreasing integers, such that

lim_{s→∞} P_s = P̃ , (5.1) where ρ(P̃ ) = 1. Then P̃ will be called a limit spectrum-maximizing product (in short, an l.s.m.p.) for the normalized family F.

Note that, for a normalized family, an s.m.p. P̄ is an l.s.m.p., too. To see this, just put P_s = P̄ for all s ≥ 1.

Theorem 5.1 Let F be a bounded family of complex n×n-matrices. If there exists a defective l.s.m.p. P̃ for the normalized family F^′, then F is defective.

Proof. Since P̃ is defective, for any constant C > 0 and any induced matrix norm ‖ · ‖, there exists an integer r_C ≥ 1 such that ‖P̃^{rC} ‖ ≥ C. On the other hand, (5.1) implies that lim_{s→∞} P^{rC}_s = P̃^{rC} . Therefore, there exists an integer s_C ≥ 1 such that ‖P^{rC}_{sC} − P̃^{rC} ‖ ≤ C/2. Thus we can conclude that ‖P^{rC}_{sC} ‖ ≥ C/2, that is Σ(F^′) is unbounded.

In the light of Example 3.1, it is evident that the converse of Theorem 5.1 does not hold for infinite families of matrices. In fact, it is immediate to realize that no l.s.m.p. P̃ exists for the normalized family F considered there.

The rest of this section is devoted to prove the converse of Theorem 5.1 in the case of finite families of 2 × 2-matrices. For finite families of n × nmatrices with n ≥ 3 the problem is much more difficult to analyze and, so far, we have not been able to solve it.

Lemma 5.1 Let G = { {A^{(i)}}_{i∈I} , {B^{(j)}}_{j∈J} } be a normalized bounded family of complex 2 × 2-matrices (i.e., ρ(G) = 1), where

A^{(i)} = [ ũ_i α̃_i 0 ã_i ] and B^{(j)} = [ b̃_j β̃_j 0 ṽ_j ] . If there exist two nonnegative real numbers a < 1 and b < 1 such that |ã_i| ≤ a for all i ∈ I and |b̃_j| ≤ b for all j ∈ J , then the family G is nondefective.

Proof. Since G is normalized and the matrices are all upper triangular, it holds that |ũ_i| ≤ 1 for all i ∈ I and |ṽ_j| ≤ 1 for all j ∈ J .

Then consider the family Ĝ = { {Â^{(i)}}_{i∈I}, {B̂^{(j)}}_{j∈J} } of real 2×2-matrices with nonnegative elements associated to G, where

Â^{(i)} = [ 1 α_i 0 a_i ] and B̂^{(j)} = [ b_j β_j 0 1 ] , with α_i = |α̃_i|, a_i = |ã_i|, β_j = |β̃_j| and b_j = |b̃_j|.

Clearly, the family Ĝ is normalized too, and, for any k ≥ 1 and product P ∈ Σ_k(G), the corresponding product P̂ ∈ Σ_k(Ĝ) is such that |P | ≤ P̂ , where the inequality has to be understood elementwise and |P | is the matrix whose elements are the moduli of the corresponding elements in P . Therefore, if Σ(Ĝ) is bounded (i.e., if Ĝ is nondefective), then Σ(G) is bounded (i.e., G is nondefective), too.

In the light of Proposition 2.2, we shall prove the boundedness of Σ(Ĝ) by constructing an extremal norm ‖ · ‖_∗ for the family Ĝ.

Fig. 1: Unit ball P of the norm ‖ · ‖_�.

22

To this aim we set θ = sup_{i∈I} α_i 1 − a_i , γ = inf_{j∈J} β_j 1 − b_j , δ = sup_{j∈J} β_j 1 − b_j , and define the vectors

x_1 = [ γ 1 ] , x_2 = [ δ 1 ] , x_3 = [ δ + θ 0 ] . Then we consider the polytope P whose vertices are the vectors x_1, x_2, x_3, −x_1, −x_2, −x_3 as shown in Fig. 1, and denote by ‖ · ‖_∗ the norm whose unit ball is P.

In order to prove that ‖ · ‖_∗ is an extremal norm for the family Ĝ, it is sufficient to verify that the vertices of the polytope P are mapped into P itself by all of the matrices of Ĝ.

Indeed, we have

Â^{(i)}x_1 = [ γ + α_i a_i ] , Â^{(i)}x_2 = [ δ + α_i a_i ] , Â^{(i)}x_3 = x_3,

B̂^{(j)}x_1 = [ b_j γ + β_j 1 ] , B̂^{(j)}x_2 = [ b_j δ + β_j 1 ] , B̂^{(j)}x_3 = b_jx_3,

and simple but tedious calculations show that these vectors belong to P for all i ∈ I and for all j ∈ J .

Lemma 5.2 Let H = {A, B} be a normalized family of complex 2 × 2- matrices such that, for some nonsingular complex 2 × 2-matrix L, L^{−1}AL = u_A [ 1 0 0 a_{22} ] and L^{−1}BL = u_B [ 1 b_{12} 0 b_{22} ] , where |u_A| = |u_B| = |a_{22}| = |b_{22}| = 1, a_{22} ≠ 1 and b_{12} ≠ 0. Then there exists a defective l.s.m.p. P̃ for H.

Proof. If b_{22} = 1, then the matrix B itself is a defective s.m.p. and the result is trivial. Therefore, assume that b_{22} ≠ 1.

If there exist two integers k, h ≥ 1 such that a^k_{22}b^h_{22} = 1, (5.2) then two cases are possible: either both a^k_{22} ≠ 1 and b^h_{22} ≠ 1 or a^k_{22} = b^h_{22} = 1. In the former case, since b_{12} ≠ 0, the matrix P̄ = A^kB^h = u^k_Au^h_BL [ 1 b_{12}^{1−bh22}_{1−b22} 0 1 ] L^{−1} is a defective s.m.p. In the latter case, since a_{22} ≠ 1, it is the matrix P̄ = A^{k−1}B^{h−1}AB = u^k_Au^h_BL [ 1 b_{12}(1 − a_{22}) 0 1 ] L^{−1} which is a defective s.m.p. However, in both cases, the result is proved.

Then we are left to consider

a^k_{22}b^h_{22} ≠ 1 for all k, h ≥ 1, (5.3) which implies a^k_{22} ≠ 1 for all k ≥ 1 and/or b^h_{22} ≠ 1 for all h ≥ 1. In any case, there exist increasing sequences of integers k_s and h_s such that lim_{s→∞} a^{ks}_{22} = 1 and lim_{s→∞} b^{hs}_{22} = 1. (5.4) More precisely, Theorem 193 in Hardy and Wright [HW79] immediately implies that the integers k_s and h_s may be assumed to satisfy the inequalities |a^{ks}_{22} − 1| ≤ 2π √ 5k_s and |b^{hs}_{22} − 1| ≤ 2π √ 5h_s . (5.5) Therefore, by (5.4), the products P_s = A^{ks−1}B^{hs−1}AB = u^{ks}_A u^{hs}_B L 1 b_{12} ( 1 − a_{22}^{bhs22 −b22}_{1−b22} ) 0 a^{ks}_{22}b^{hs}_{22}

L^{−1} (5.6)

are such that there exists P^∗ = lim_{s→∞} u^{−ks}_A u^{−hs}_B P_s = L [ 1 b_{12}(1 − a_{22}) 0 1 ] L^{−1}, which is a defective matrix.

Moreover, since the sequence of numbers {u^{ks}_A u^{hs}_B }_{s≥1} lies on the unit circle of the complex plane, there exists a subsequence {u^{ksr}_A u^{hsr}_B }_{r≥1} such that lim_{r→∞} u^{ksr}_A u^{hsr}_B = u with |u| = 1. Therefore, we can conclude that

lim_{r→∞} P_{sr} = P̃ = uP^∗,

i.e. an l.s.m.p. for the family H.

Remark 5.1 If (5.2) holds, then there exists a defective s.m.p. P̄ . Therefore, Theorem 3.1 and Proposition 4.1 imply that ord(H) = Θ(k) and that P̄ is an o.m.p. for H.

On the contrary, if (5.3) holds, ord(H) is not easy to evaluate, even taking (5.5) into account.

Now we are in a position to prove the main result of this section.

Theorem 5.2 Let F be a finite defective family of complex 2 × 2-matrices. Then there exists a defective l.s.m.p. P̃ for the normalized family F^′.

Proof. Since the family F = {A^{(i)}}^m_{i=1} is defective, Theorem 2.1 assures the existence of a nonsingular 2 × 2-matrix M such that

M^{−1}A^{(i)}M = u_iρ(F) [ a^{(i)}_{11} a^{(i)}_{12} 0 a^{(i)}_{22} ] , i = 1, . . . , m, with |u_i| = 1 and

a^{(i)}_{11} ∈ R, 0 ≤ a^{(i)}_{11} ≤ 1 and |a^{(i)}_{22} | ≤ 1, i = 1, . . . , m. (5.7)

Moreover, we can assume that M^{−1}A^{(i)}M ≠ u_iρ(F)I, i = 1, . . . , m, (5.8) where I is the identity matrix. Otherwise, to our aims, we could equivalently consider the subfamily of F which is obtained just by suppressing the matrices of the form u_iρ(F)I.

In view of (5.7), we have that at least one matrix of F, say A^{(1)}, satisfies the condition

a^{(1)}_{11} = 1 and |a^{(1)}_{22} | = 1. (5.9) Otherwise, F being finite, the hypotheses of Lemma 5.1 would hold for the normalized family F^′, yielding the nondefectivity of F, that makes the absurde.

If A^{(1)} is defective, the result is trivial since, in this case, A^{(1)} itself is a defective s.m.p. for F. Thus we assume that A^{(1)} is nondefective and, therefore, in the light of (5.8), that

a^{(1)}_{22} ≠ 1. (5.10) So M^{−1}A^{(1)}M may be reduced to the diagonal form

Ā^{(1)} = U^{−1}M^{−1}A^{(1)}MU = u_1ρ(F) [ 1 0 0 a^{(1)}_{22} ] , (5.11)

where U = 1 −^{a(1)12}_{1−a(1)22} 0 1 . Now consider the family F̄, obtained by applying the similarity transformation determined by L = MU to all the matrices of F. Thus we obtain the similar matrices

Ā^{(i)} = L^{−1}A^{(i)}L = u_iρ(F) [ a^{(i)}_{11} ā^{(i)}_{12} 0 a^{(i)}_{22} ] , i = 1, . . . , m, (5.12) where ā^{(i)}_{12} = a^{(i)}_{12} (1 − a^{(1)}_{22} ) − a^{(1)}_{12} (a^{(i)}_{11} − a^{(i)}_{22} ) 1 − a^{(1)}_{22} . As in the proof of Lemma 5.1, we then consider the matrices |Ā^{(i)}|, whose elements are the moduli of the corresponding elements in Ā^{(i)}.

Since Σ(F^′) is unbounded, so is Σ(F̄^′) and, a fortiori, Σ(G^′), where G = {|Ā^{(i)}| | Ā^{(i)} ∈ F̄ and |Ā^{(i)}| ≠ ρ(F)I}. By (5.9) and (5.11), we have that |Ā^{(1)}| = ρ(F)I and, hence, that |Ā^{(1)}| ∉ G.

Using again Lemma 5.1 for the finite normalized family G^′ yields the existence of a matrix, say |Ā^{(2)}|, such that

a^{(2)}_{11} = 1 and |a^{(2)}_{22} | = 1. (5.13)

Moreover, being |Ā^{(2)}| ≠ ρ(F)I, it holds that

ā^{(2)}_{12} ≠ 0, (5.14)

too.

By (5.11), (5.9), (5.10), (5.12), (5.13) and (5.14), we can conclude that the subfamily H = {ρ(F)^{−1}A^{(1)}, ρ(F)^{−1}A^{(2)}} of the normalized family F^′ satisfies the hypotheses of Lemma 5.2. Therefore, there exists an l.s.m.p. P̃ for F^′.

Remark that, if the family F were infinite, the proof would not work. In fact, we could not prove formulae (5.9) and (5.13).

We conclude this section by particularizing the results of Lemma 5.2 and Theorem 5.2 to the special case of real 2 × 2-matrices.

Lemma 5.3 Let H = {A, B} be a normalized family of real 2 × 2-matrices such that, for some nonsingular complex 2 × 2-matrix L, L^{−1}AL = u_A [ 1 0 0 a_{22} ] and L^{−1}BL = u_B [ 1 b_{12} 0 b_{22} ] , (5.15)

where |u_A| = |u_B| = |a_{22}| = |b_{22}| = 1, a_{22} ≠ 1 and b_{12} ≠ 0. Then A = ±L [ 1 0 0 −1 ] L^{−1}. (5.16)

Moreover, either B = ±L [ 1 b_{12} 0 1 ] L^{−1} (5.17)

is defective or B = ±L [ 1 b_{12} 0 −1 ] L^{−1} (5.18)

and AB is defective.

In both cases there exists an o.m.p. P̂ for H (either P̂ = B or P̂ = AB) and ord(H) = Θ(k).

Proof. Consider the matrix A. Since it is real with eigenvalues of unitary modulus different from each other, two only cases are possible: the eigenvalues are either {1, −1} or {e^{iθ}, e^{−iθ}} with θ ∈ (0, 2π), θ ≠ π. However, in both cases, the columns of the matrix L in (5.15) are necessarily the eigenvectors of A.

Assume first that the eigenvalues of A are {1, −1}. Then we necessarily

have that L = [ αp_{11} βp_{12} αp_{21} βp_{22} ] , where p_{ij} ∈ R and α, β ∈ C . Moreover, (5.16)

must hold, too.

Since B is real, it is immediately seen that both the diagonal elements of the upper triangular matrix L^{−1}BL are real, i.e. 1 or −1. This means that either (5.17) or (5.18) must hold. In the former case B itself is a defective

s.m.p., whereas, in the latter case, AB = ±L [ 1 b_{12} 0 1 ] L^{−1} is a defective s.m.p.

In both cases Theorem 3.1 and Proposition 4.1 imply that ord(H) = Θ(k) and that either P̂ = B or P̂ = AB is an o.m.p. for H.

In order to conclude the proof, we are going to show that the eigenvalues of A can not be {e^{iθ}, e^{−iθ}} with θ ∈ (0, 2π), θ ≠ π. In fact, if it were so, it

should be L = [ α(p_1 + iq_1) β(p_1 − iq_1) α(p_2 + iq_2) β(p_2 − iq_2) ] , where p_i, q_i ∈ R and α, β ∈ C .

Since B is real, it is immediately seen that the two extra-diagonal elements of the matrix L^{−1}BL would be complex conjugate. But this makes the absurde, since L^{−1}BL is upper triangular with b_{12} ≠ 0.

Theorem 5.3 Let F be a finite defective family of real 2 × 2-matrices. Then there exists an o.m.p. P̂ for F and ord(F) = Θ(kρ(F)^k).

Proof. In order to prove that an o.m.p. P̂ exists for F, we can proceed exactly in the same way as for the previous Theorem 5.2 but in the last step, where Lemma 5.3 applies in place of Lemma 5.2. Finally, the link between F and its normalized family F^′ yields the equality ord(F) = Θ(kρ(F)^k).

Remark that, in the light of Example 4.3, the foregoing result does not extend to families of real n × n-matrices with n ≥ 3.

6 Conclusions

In this paper we have drawn our attention to the case of defective families of matrices (see Definition 2.3).

By using the concept of asymptotic order (see Definition 3.1), we have tried to get more information about the possible asymptotic behaviour of the norm of the products of defective families as the number of factors goes to infinity. In particular, we have found some general lower and upper bounds to such behaviour (see Propositions 3.1, 3.2, 3.3, and Theorem 3.1).

We have introduced the concepts of spectrum-maximizing product and order-maximizing product and observed that the Finiteness Conjecture (Conjecture 1.1) assumes the existence of spectrum-maximizing products for any finite family of matrices. Then, in the light of Examples 4.2 and 4.3, we have concluded that a possible stronger reformulation of the Finiteness Conjecture, which assumes also the existence of order-maximizing products, is false.

Finally, we have also introduced the concept of limit spectrum-maximizing product for normalized families of matrices and we have seen that the existence of defective such limit products implies defectivity (see Theorem 5.1). The converse implication, which, in any case, might hold only for finite families (Example 3.1 is a suitable counterexample), is much more difficult to prove. We have been able to do it only for finite families of 2 × 2-matrices (see Theorem 5.2). Although our intuition suggests that, at least to some extent, the result should generalize to all finite families of n × n-matrices, we have not been able to fix the problem yet.

The conclusion is that the asymptotic order of a defective family of matrices is, in the general case, difficult to compute. In particular, Example 3.1 shows that it may well be different from the asymptotic order of a single matrix, which, on the contrary, is always of the type displayed in formula (3.5).

References

[BW92] M.A. Berger and Y. Wang. Bounded semigroups of matrices. Linear Algebra Appl., 166:21–27, 1992.

[CLR92] T.H. Cormen, C.E. Leiserson, and R.L. Rivest. Introduction to algorithms. The MIT Press, Cambridge, MA, 1992.

[DL92] I. Daubechies and J.C. Lagarias. Sets of matrices all infinite products of which converge. Linear Algebra Appl., 161:227–263, 1992.

[Els95] L. Elsner. The generalized spectral-radius theorem: an analyticgeometric proof. Linear Algebra Appl., 220:151–159, 1995.

[HW79] G.H. Hardy and E.M. Wright. An introduction to the theory of numbers. Clarendon Press, Oxford, 1979.

[LW95] J.C. Lagarias and Y. Wang. The finiteness conjecture for the generalized spectral radius of a set of matrices. Linear Algebra Appl., 214:17–42, 1995.

[RS60] G.C. Rota and G. Strang. A note on the joint spectral radius.

Indag. Math., 22:379–381, 1960.

[SWP97] M.H. Shih, J.W. Wu, and C.T. Pang. Asymptotic stability and generalized Gelfand spectral radius formula. Linear Algebra Appl., 252:61–70, 1997.